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REGULAR SYMPLECTIC FOLIATIONS ON CLOSED MANIFOLDS
SAUVIK MUKHERJEE
Abstract. In this paper we present an h-principle for regular symplectic foliations
on closed manifolds which can also be interpreted in terms of Poisson geometry. A
foliated analogue of Gromov’s h-principle for symplectic forms has been proved by
Fernandes and Frejlich and also by Bertelson on open manifolds, however Bertelson
managed to keep the foliation fixed. In this paper we prove a generalization of
Fernandes and Frejlich’s result to close manifolds and also in the process we get a
generalization of Bertelson’s result to closed manifolds.
1. Introduction
In this paper we prove an h-principle for regular poisson structures on closed mani-
folds whose characteristic foliations has co-dimension bigger or equal to three and has
some special properties. Similar results on open manifolds has been proved by Fernan-
des and Frejlich in [5]. It is actually a foliated analogue of Gromov’s h-principle ([6])
for symplectic structures on open manifolds. We state their result below.
Let M2n+q be a C∞-manifold equipped with a co-dimension-q foliation F0 and a
2-form ω0 such that (ω
n
0 )|TF0 6= 0. Denote by Folq(M) the space of co-dimension-q
foliations on M identified as a subspace of Γ(Gr2n(M)), where Gr2n(M)
pr
→M be the
grassmann bundle, i.e, pr−1(x) = Gr2n(TxM) and Γ(Gr2n(M)) is the space of sections
of Gr2n(M)
pr
→M with compact open topology. Define
∆q(M) ⊂ Folq(M)× Ω
2(M)
∆q(M) := {(F , ω) : ω
n
|TF} 6= 0
Obviously (F0, ω0) ∈ ∆q(M). Moreover any leafwise 2-form ω can be extended to a
2-form although not uniquely.
In this setting Fernandes and Frejlich has proved the following
Theorem 1.1. ([5]) Let M2n+q be an open manifold with (F0, ω0) ∈ ∆q(M) and
ξ ∈ H2dR(M) be given. Then there exists a homotopy (Ft, ωt) ∈ ∆q(M) such that ω1 is
dF1-closed and ω1 can be represented by a globally closed 2-form belonging to ξ.
It is known from Theorem:1.5.6 of [3] and Theorem:2.14 of [9] that a symplectic
foliation determines a poisson structure. Moreover any foliation with a leafwise non-
degenerate 2-form determines a bivectorfield. So in terms of poisson geometry 1.1 states
the following form. Let pi ∈ Γ(∧2TM) be a bi-vectorfield on M , define #pi : T ∗M →
TM as #pi(η) = pi(η,−). If Im(#pi) is a regular distribution then pi is called a regular
bi-vectorfield. Any regular bi-vectorfield pi for which Im(#pi) is integrable defines an
element of ∆q(M).
Theorem 1.2. Let M2n+q be an open manifold with a regular bi-vectorfield pi0 on it
such that Im(#pi0) is an integrable 2n-dimensional distribution then pi0 can be homo-
toped through such bi-vectorfields to a poisson bi-vectorfield pi1.
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In 1.1 above dF is the tangential exterior derivative, i.e, for η ∈ Γ(∧
kT ∗F), dFη is
defined by the following formula
dFη(X0,X1, ...,Xk) = Σi(−1)
iXi(η(X0, .., Xˆi, ..,Xk))
+Σi<j(−1)
i+jη([Xi,Xj ],X0, .., Xˆi, .., Xˆj , ..,Xk)
where Xi ∈ Γ(TF). The resulting cohomology is called tangential De Rham cohomol-
ogy and is denoted as HrF (M).
So if we extend a F-leafwise closed k-form η, i.e, dFη = 0, to a form η
′ by the
requirement that ker(η′) = νF , where νF is the normal bundle to F , then dη′ = 0.
In order to fix the foliation in 1.1 the foliated manifold (M,F) must be uniformly
open. Let us define this notion ”uniformly open”.
Definition 1.3. ([1]) A foliated manifold (M,F) is called uniformly open if there exists
a function f :M → [0,∞) such that
(1) f is proper,
(2) f has no leafwise local maxima,
(3) f is F-generic.
So let us explain the notion F-generic. In order to do so we need to define the
singularity set Σ(i1,i2,...,ik)(f) for a map f : M →W . Σi1(f) is the set
{p ∈M : dim(ker(df)p) = i1}
It was proved by Thom [8] that for most maps Σi1(f) is a submanifold of M . So we
can restrict f to Σi1(f) and construct Σ(i1,i2)(f) and so on. In [8] it has been proved
that there exists Σ(i1,...,ik) ⊂ Jk(M,W ) such that (jkf)−1Σ(i1,...,ik) = Σ(i1,...,ik)(f).
Let us set W = R as this is the only situation we need. Let (M,F) be a foliated
manifold with F a leaf. Define the restriction map
rF : J
k(M,R)→ Jk(F,R) : jkf(x) 7→ jk(f|F )(x)
Define foliated analogue of the singularity set as
Σ
(i1,i2,...,ik)
F := ∪{F leaf of F}r
−1
F Σ
(i1,i2,...,ik)
Definition 1.4. ([1]) A smooth real valued function f : M → R is called F-generic if
the first jet j1f ⋔ Σ
(n)
F and the second jet j
2f ⋔ Σ
(i1,i2)
F for all (i1, i2).
we refer the readers to [1] for more details. Under this hypothesis Bertelson proved
the following
Theorem 1.5. ([1]) If M is open and (M,F) be a uniformly open foliated manifold
and let ω0 be a F-leafwise non-degenerate 2-form and a dF -closed tangential differential
2-form θ be also given then ω0 can be homotoped through F-leafwise non-degenerate 2-
forms to a F-leafwise symplectic form cohomologous to θ in H2F(M).
She also constructed counter examples in [2] that without these conditions the above
theorem fails. A contact analogue of Bertelson’s result on any manifold (open or closed)
has recently been proved in [4] by Borman, Eliashberg and Murphy. Let us state the
theorem.
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Theorem 1.6. ([4]) Let M2n+q+1 be any manifold equipped with a co-dimension-q
foliation F on it and let (α0, β0) ∈ Γ(T
∗F ⊕ ∧2T ∗F) be given such that α0 ∧ β
n
0 is
nowhere vanishing, then there exists a homotopy (αt, βt) ∈ Γ(T
∗F ⊕∧2T ∗F) such that
αt ∧ β
n
t is nowhere vanishing and β1 = dFα1.
Now we state the main theorem of this paper. In the process of our proof we shall
also get a generalization of 1.5 to closed manifolds but not with utmost generality.
First we need a definition.
Definition 1.7. We call a pair (F ,Ω) ∈ ∆q(M) onM to be split if F admits a splitting
of the following form
TF = TF ′ ⊕ TF ′′ ⊕ TG
where F ′,F ′′ are one-dimensional foliations and TF ′, TF ′′ are trivial line bundles,
moreover Ω|F ′×F ′′ and Ω|G are non-degenerate.
Theorem 1.8. Let M2n+q+2(q ≥ 3) be a closed (compact without boundary) manifold
and (F0,Ω0) ∈ ∆q(M) be split, then (F0,Ω0) admits a homotopy (Ft,Ωt) ∈ ∆q(M)
such that Ω1 is F1-leafwise symplectic, i.e, dFΩ1 = 0, moreover the tangential De
Rham cohomology class of Ω1 is zero and hence can be globally represented by an exact
2-form.
Proof. The homotopy is constructed in three steps. Each step is done in the following
sections in respective order.
In the first step we construct a homotopy (Ft,Ωt) ∈ ∆q(M) of split pairs for t ∈ [0, 1]
so that in the decomposition of F1 as
F1 = F
′
1 ×F
′′
1 × G1
the corresponding F ′1 and F
′′
1 are without closed trajectories and also without self-
intersecting trajectories. Here we need q ≥ 3.
In the second step we construct a homotopy of leafwise 2-forms Ωt keeping the fo-
liation F = F ′ × F ′′ × G fixed so that Ω1 = dτ ∧ ds ⊕ ω, where ω = (Ω0)|G and
τ, s ∈ C∞(M,R) (C∞(M,R) can identified with Γ(TF ′) and Γ(TF ′′)) are such that
dτ ∧ ds is non-degenerate on F ′ × F ′′. It is not always possible to get such τ and s
even if TF ′ and TF ′′ are trivial line bundle. An example is T2. T2 does not have an
exact symplectic form so such τ and s can not be found on T2. This is the reason we
had to open up the trajectories of TF ′ and TF ′′ in the first step above.
In the last and final step we prove an analogue of 1.5 but for foliation and the 2-form
are of the form as achieved at the end of the previous (second) step. This completes
the proof. 
Example 1.9. The foliation in 1.8 can not be fixed. An example is T2 × S6 × S3 with
foliation defined by projection on S3. It is because T2 × S6 can not have an exact
symplectic form. However 1.8 is applicable.
In terms of poisson geometry 1.8 states the following.
Theorem 1.10. Let pi0 be a regular bi-vectorfield on a closed manifold M
2n+q+2, (q ≥
3) such that Im(#pi0) is integrable and defines a split pair in ∆q(M) then pi0 admits a
homotopy through such bi-vectorfield to a poisson bi-vectorfield.
4 SAUVIK MUKHERJEE
2. Step-1
This step is similar to Theorem-B of [7] moreover we need to construct a homotopy
of the 2-form (Ω0)|F ′
0
×F ′′
0
so that the resulting homotopy remains in ∆q(M). We start
by recalling a theorem of Wilson [10].
Theorem 2.1. ([10]) Let M2n+q be a smooth manifold together with a codimension-q
foliation F on it then there exists a family of embeddings fλ : D
q × D2n → M, λ ∈ Λ
such that the family of sets {fλ(D
q × D2n) : λ ∈ Λ} is locally finite, mutually disjoint.
Moreover f−1λ (F) has leaves {x} × D
2n and each leaf of F intersects atleast one of
fλ(D
q
1/2 × D
2n), where Dq1/2 is the q-disc of radious 1/2.
Now we return to our case. First we consider F ′0. As TF
′
0 is trivial line bundle we
have a non-singular vector field X ∈ Γ(TF ′0). In view of 2.1 it is enough to consider
D
q × D × D × D2n, where Dq corresponds to the normal bundle to F0, the first and
second D corresponds to F ′0 and F
′′
0 respectively and D
2n corresponds to G0. Let x
be the variable in the first D and y be the variable in the second D and X = ∂x and
(Ω0)|D2 is gdx ∧ dy, where g > 0 is a positive function. Here without loss of generality
we are assuming M to be connected.
As q ≥ 3 we can embed T2 × Dq−2 in Dq. Set C = T2 × Dq−21/2 and consider the
non-singular vector field (Z, 0) on T2 × Dq−2 where Z is the vector field on T2 defined
by mapping a line with irrational slope in R2 to T2.
The homotopy of the foliation is constructed by rotating the vector field X = ∂x in
the plane generated by X and (Z, 0). Consider the cut off function
φ : T2 × Dq−2 × I ×D× D2n → I = [0, 1]
with compact support K ⊂ T2 × Dq−2 × (0, 1) × D × D2n and φ−1(1) = C × {1/2} ×
D1/2 × D
2n
1/2. Now define
X˜|T2×Dq−2×I×D×D2n = (1− φ)X + φ(Z, 0)
and extend X˜ to T2 × Dq−2 × D × D × D2n such that dT (X˜) = −X˜, where T is the
involution which sends x to −x and keeps other coordinates fixed. Define the homotopy
Xt = (1− t)X + tX˜ and consider the resulting foliation. Any trajectory that meets C
becomes open and without self-intersection.
Now we construct the homotopy of the form (Ω0)|F ′
0
×F ′′
0
. Obviously it is enough to
construct the homotopy on Dq ×D×D×D2n where it is represented by gdx ∧ dy with
g > 0. The homotopy is given by
Ωt = ((1− t) + t(1− φ))gdx ∧ dy + tφe
σdσ ∧ dy
where σ ∈ R is a choice of the coordinate for the flow of Z on T2. We shall consider
such case in more detail in the next section. Now
Ωt(Xt, ∂y) = [(1− t) + t(1− φ)]
2g + t2φ2e2σ
So Ωt(Xt, ∂y) = 0 if and only if [(1− t) + t(1− φ)] = 0, (as g > 0) and t
2φ2e2σ = 0. It
is only possible if t = 0 or φ = 0 or both. But when t = 0, Ωt(Xt, ∂y) = g and when
φ = 0, Ωt(Xt, ∂y) = g. Hence Ωt(Xt, ∂y) 6= 0.
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Now repeat the same method for F ′′0 . This completes the first step. As we apply the
process one after another for F ′0 and F
′′
0 respectively they remain ⋔ to each other and
also to G0.
3. Step-2
We start where we ended in the previous section. So the split pair (F0,Ω0) has in
addition that F ′0 and F
′′
0 are without closed trajectories and self-intersecting trajec-
tories. We construct a homotopy of Ω|F ′
0
×F ′′
0
to dτ ∧ ds where τ, s ∈ C∞(M,R) are
non-vanishing sections of TF ′0 and TF
′′
0 respectively. We shall also show by an example
that if the foliations has closed trajectories or self-intersecting trajectories then it is
not possible.
Let X ∈ Γ(TF ′0) and Y ∈ Γ(TF
′′
0 ) be non-singular vector fields without closed tra-
jectories. Consider the initial value problem with parameters dfx(X) = 1, fx(x) =
1, x ∈ M . The solution fx : M → R exists and smoothly depends on parameter
x ∈M . Define τ(x) = fx(x)+n where n is a positive integer so large that τ > 0. Such
an n exists as M is compact. Observe that dτ(X) = dfx(X) = 1 and hence dτ|F ′
0
is
non-degenerate. Similarly we construct s for F ′′0 using Y .
So dτ ∧ ds is non-degenerate on F ′0×F
′′
0 and the homotopy from Ω|F ′0×F ′′0 to dτ ∧ ds
is given by a linear homotopy as both are positive.
Example 3.1. Let X be the constant non-singular vector field on T2 tangent to the
horizontal circle. Then the differential equation dfx(X) = 1, fx(x) = 1 x ∈ T2 can not
be solved. Because if we consider γ : R → T2 mapping it to the horizontal circle and
dγ( ∂∂t ) = X. Then on [−pi, pi] the differential equation d(f
x◦γ)( ∂∂t ) = 1, (f
x◦γ)(0) = 1
becomes a boundary value problem, because γ(−pi) = γ(pi). Hence in general can not
be solved.
4. Step-3
Again we start where we ended in the previous section. (F0,Ω0) be a split pair and
Ω0 is of the form
Ω0 = dτ ∧ ds⊕ ω0
where τ, s are nowhere vanishing sections of TF ′0 and TF
′′
0 and ω0 is a G0-leafwise non-
degenerate 2-form. The following 4.1 gives a generalization of 1.5 in this special setting.
Lemma 4.1. Let M2n+q+2, F0 and Ω0 be as above then Ω0 admits a homotopy Ωt of
F0-leafwise non-degenerate 2-forms starting at Ω0 such that Ω1 is F0-leafwise symplectic
and the tangential De Rham cohomology class of Ω1 is zero.
Remark 4.2. Obviously for arbitrary data, i.e, (F0,Ω0), 4.1 is not true. An example
is as follows. Set M = S1 × S6 and let F0 is given by the projection on the first factor
S1. It is known that S6 admits a non-degenerate 2-form and let us call it ω0. Set
Ω0 = 0 ⊕ ω0. Then Ω0 is a F0-leafwise non-degenerate 2-form but there can not be a
F0-leafwise symplectic form as S
6 is not a symplectic manifold.
Proof. (Proof of 4.1) Consider the foliation H = F ′′0 × G0 and the H-leafwise almost
contact structure (ds, 1τ ω0). So by 1.6 there exists a homotopy of H-leafwise almost
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contact structures (αt, βt) with (α0, β0) = (ds,
1
τ ω0) and such that β1 = dHα1.
So now consider the homotopy of F0-leafwise non-degenerate 2-forms
Ωt = dτ ∧ αt ⊕ τβt
Let us first prove the non-degeneracy. First observe that TH has the following splitting
TH = kerβt ⊕ kerαt
kerβt is one-dimensional and kerαt is 2n-dimensional. Moreover αt is non-vanishing
on kerβt and βt is non-degenerate on kerαt. Hence on TF
′
0 ⊕ kerβt, dτ ∧ αt is non-
degenerate and on kerαt, τβt is non-degenerate.
Now observe that Ω1 = dF0(τα1). Hence Ω1 is F0-leafwise symplectic and the
tangential De Rham cohomology class of Ω1 is zero. 
4.1 completes the third step and hence the proof of 1.8 is complete.
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